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Abstract 

We obtain an explicit realization of all the primary fields of the Ising model 
in terms of a conformal field theory of constrained fermions. The four-point 
correlators of the energy, order and disorder operators are explicitly calcu- 
lated. 
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The quantum field theoretic description of critical statistical systems has 
received much attention in the past In particular, the Ising model has 
provided a useful laboratory for testing field-theoretical ideas and techniques. 
It has been known for some time that at criticality it can be described by free 
massless Majorana fermions ip, ^ 0, §]. In terms of these, the energy operator 
e(x) is given by the local product ipip. Using this representation, multicor- 
relators of the energy operator have been computed 0. Some correlators 
involving the order operator cr(x) and disorder operator fi(x) have also been 
calculated using indirect methods. The reason is that a local representation 
in terms of Majorana fermions is lacking in this case. 

On the other hand, the Ising model can be described in terms of a Con- 
formal Quantum Field Theory (CQFT) of central charge c = | [|J, corre- 
sponding to k = 1 in the minimal unitary series || 

6 

° =1 ~ (k + 2)(k + 3) (1) 

Using conformal methods, four-point functions involving the order and disor- 
der operators have been calculated Q on the basis of representation theory 
of the Virasoro algebra. In this approach, cr(x) and fi(x) are regarded as 
primaries of conformal dimensions (j^iJq\ with correlators satisfying the 
corresponding null-vector equation. 

In this letter we use the ideas of CQFT and of ref. |§, f?J in order to 
obtain a fermionic coset realization of the critical Ising model. In this way 
we arrive at a complete description of the model, and in particular of the 
order and disorder operators in terms of local products of the fundamental 
observables of the theory. 

The Ising model can be described by a conformal quantum field theory 
of central charge c = | § and corresponds to a coset model G/H with 
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G = SU(2) 1 x SU(2) 1 and H = SU(2) 2 §. In the fermionic description 
|7| this theory can be realized by making the identification 



SU(2) 1 x SU(2)i 



um v up) 

U(l) U(l) ^ 



SU{2) 2 SU{2) 2 

The corresponding Lagrangian is obtained by starting from two different 
kinds of C/(2)-fermions, and gauging the respective U(l) subgroups, as well 
as the diagonal subgroup SU(2): 

C = -^-^((0 + ^ + ^)4 

+^X l {(0 + m 3 + iAa) X j (3) 

where i,j = 1,2 and are SU{2) Lie-algebra-valued fields. 
We now make the change of variables || 



a = 


i(dhi)h l 1 


, a - 


= i{dh 1 )h^ 1 


b = 


i(dh 2 )h 2 1 . 


, 6 = 


= i(dh 2 )h 2 1 


A = 


i(dg)g~\ 


A = 


-- i(dg)g^ 


A = 


higipi\ 


4 = 


4 0) \h ig yi 


i>2 = 


hi9^ 2 \ 


4 = 




Xl = 


n 29Xi , 


x\ = 




X2 = 


higxP, 


x\ = 


xT\h29)- 1 



(4) 

Taking account of the Jacobians of the respective transformations [|K], [T1J (see 
also 0) one arrives at a decoupled form for the partition function associated 
with the Lagrangian (Rl): 



Z su(2) 1 xSU{2) 1 — ZpZBZy/ZwZgh (5) 

where 
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Z F = J Vij w V4> {0) Vx {0) Vx {0) exp(— J tyldifji + ^I<9^ 2 )) 
1 r 

x exp ( / (x^Xi + XidX2) (6) 

7T J 

Z B = J V<p{D<p 2 ex V {\ J &A0i)exp(~ j </» 2 A0 2 ) (7) 

Z W zw = J Vgexp(-kW[g]) (8) 

and Z g h is the partition function of ghosts, whose explicit form will not be 
required. The fields <pi and </>2 are defined via 

where r\\ and r} 2 are pure gauge degrees of freedom. In arriving at r\\ 
and f]2, as well as the gauge- variant combinations g = gg have been integrated 
out. W[g\ in © is the Wess-Zumino-Witten (WZW) action p| 

Wig] = ~( d 2 xtrid^~g- 1 ) 
on J 

+ 12tt / ^y^i^^^aa^djgg^dkg) (10) 

where g is defined by 



~g = g~ 1 g (n) 



and k = — (2 + 2cy) = —6 is the level of the Kac Moody algebra. The 
negative level WZW sector is non-unitary. However, the BRST quantization 
condition connects the different sectors (decoupled at the Lagrangian level) 



and ensures unitarity |13fl , JL4]. The central charge obtained by adding the 
individual contributions cp = 4, cb = 2, cwzw = 9/2 and c g h = —10 is equal 
to c = 1/2 in accordance with the central charge of the Ising model. 

The observables of the theory defined by the Lagrangian (|3]) will be con- 
structed from the gauge-invariant operator products 



X \x) = e^r^^r^] xJ(x) (12) 

As we now show, all the primaries of the Ising model can be obtained as 
local products of the operators fljjD in the isospin zero sector. In this sector 
the non-abelian Schwinger line integrals associated with the diagonal SU(2)- 
gauge group will not contribute. 

We begin by identifying the energy operator e and order operator a with 
isospin neutral local operator products of the fundamental fields ([12]): 

e = ((V>lxi + Xa^OCfctA + 

+(Vf t xS 0) )(V 1 ° )t xf)^-^e-^-^) 

<Pi <-> ¥2, <pi <-> £2) (13) 



(7 



+ (^^X,0i^0 2 ) (14) 



(pi = fa - 1 



+ i / dz^e^dyfa 

J X 

poo 

/ dz^d^fa (15) 

J X 



are the holomorphic and antiholomorphic components of the fields fa and 
where we have identified the normal-ordered products : gg~ x : and : gg -1 : 
with the identity operator. The relative signs in (|l|) and fll4] ) have been 
chosen such as to conform to the operator product expansions in the literature 
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||15|| . The conformal dimension of the fields can be read off from the two-point 
functions [|l(J 



^ o)ii (i)^r 2t (2)) 
^r(i)^ o)j2t (2)) 

(e ^(i) e -^(2 )) = {jizi2) ^ 

(e ^(i) e -^( 2)) = ifl - i2) 4 



1 5 1112 

1 5 jlj2 
2^7 



(g iljl (l)g- lj2h (2)} = \fiz l2 \ 3/4 5 hi2 5 jlj2 (16) 

where Zij = Z{ — Zj, Zij = z~i — Zj. The conformal dimensions of e and a are 
obtained by adding the dimensions of the components making up ([13]) and 
([14]), and are found to be h e = h e = | and h a = h a = j^, respectively. 

From (|T3| ) we see that all multipoint correlation functions of e can be cal- 
culated in terms of the free-fermion and vertex two-point functions. Special 
attention has to be payed to the fact that with the definitions fll5|), we have 



( e «*CV?(2)) = e ial3 $ (17) 
For the four-point function of e one thus obtains 



<e(l)e(2)e(3)e(4)> 

where 



1 


1 


— X + x 2 \ 


\ z 12 z 34. 


2 


1 — X 


2 



P. 



f 



l x 2 



;is) 



z 12 z 34 - z 12 z 34 / 1ri N 
X = , X = - — — . (19) 

^14^32 ^14^32 

Expression (18) agrees with the expected result [[J. 

The computation of the four-point function of the cx-field requires the 
knowledge of the four-point functions 



0(1,2,3,4) := (tr{g{l)r\mr{m)~g-\m 

6(1,2,3,4) := {tr{g{l)~g- l mm)r\m (20) 

of the level (-6) WZW field, and those obtained by permutation of the ar- 
guments. These functions can be directly extracted from the results of ref. 
||17|| . However, for their computation it is advantageous to make use of the 
equivalence between the SU(2) 2 WZW theory and the fermionic coset model 
U "(4) / '(SU (2)2 x £/(l))Hl8j. For the particular arrangement of the arguments 
(1,2,4,3) one arrives at the particularly simple expressions 

G(l,2,4,3) = 8\z u z 23 \V \ - N — faWMx) + f 2 (x)f 2 (x)) 



\x{l - x)^ 



G(l,2,4,3) = -8|z 14 z 23 

where 



3/4 \tl-x)^ ifl{x)m ~ /a(^)/i(«)X21) 



AO) = /iTv^, h(x) = yjl-yfr. (22) 

From here the corresponding expressions for permutations of the arguments 
are easily computed. Note that the functions fa are the independent solutions 
of the hypergeometric equation arising from the null-vector equation for a 
primary field of conformal dimension 1/16 ||. 

One can show after a lengthy, but straightforward calculation that the 
four-point correlator of the order operator fll4]) is given by the expression 



(a(l)a(2)a(3)a(4)> 
1 1 



[Jl + y/Zy/l + y/E + \A- vW 1 " v^),(23) 



kl4^23| 1/4 N(l-x)| 1 /4 

which agrees with that obtained by BPZ jp using general conformal argu- 
ments. (In order to compare with the BPZ result we note that expression (|23f) 



is invariant under any permutation of the indices, and in particular under 
z 3 z 4 , implying x -> y = ^.) 



The disorder operator should satisfy the equal-time dual algebra |Tj| 

<r(l)/i(2) = e^ e(a ' 1 - a;2) /i(2) ( T(l) (24) 
This leads us to make the following ansatz in terms of the gauge-invariant 



fermion fields (12) 



+ ("0 <"> X,<Pl <P2,<Pl <P2)- (25) 

Using (15) one checks that this operator has dimension 1/16, as required. 
With the aid of the (euclidean) equal-time commutators: 

[¥>(!). v(2)]bt = -ysgn(xi 2 ) 
[v(1)»^(2)]bt = ysgn(xi 2 ) 

one furthermore checks that the order-disorder algebra ( f24"D is satisfied. 

The evaluation of the four-point correlator of the disorder operator paral- 
lels the one for the order operator, the result being again given by the r.h.s. 
of eq. (^3~|) , as it should be |2(J . 



The calculation of the mixed order-disorder correlator (cr(l)/x(2)cr(3)/x(4)) 
proceeds along similar lines, and only involves the WZ W four-point function 
in the combinations (|20|). Also due account has to be taken of the phases 
arising from (fLTf). A straightforward calculation shows that the four-point 
functions arising from the individual terms in the expressions (14) and (|25[) 



for cr(x) and n(x), respectively, though seemingly different at first sight, have 
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all the same form, and in fact contribute with the same weight to the a — fi 
correlator. The result of the calculation is most conveniently expressed in 
terms of the variable y = -^-r, and takes the form 



<a(l)M2M3)M4) = | — (y 1 + ^1 - y/g - yjl - tfjy/l + 

(27) 

which agrees with the result obtained by BPZ on the basis of general confor- 
mal considerations, giving further support to our ansatze. 

To complete our discussion of the Ising model, we give a realization of the 
Onsager fermions ip(x) and ip(x) 0, in the fermionic coset framework. 
They are naturally identified with the gauge-invariant composites 

$ = 4>lx2 + xU2 (28) 

of dimensions and K), 0, respectively. 

Recalling (p!3|) we see that the assignment (p8[) is in agreement with the 
usual representation of the energy operators in terms of Majorana fermions 
fH . Note that they have the expected property ^ = ip. 

Our explicit calculations lend support to the general validity of our fermionic 
coset realization of all the primary operators of the critical Ising model in 
terms of local products of BRST-invariant fermionic fields. In the framework 
of Majorana fermions, this is not possible. Similarly, the bosonic coset de- 



scription |]2TJ] does not lend itself to a natural identification of all the primaries 
of the Ising model. 

In our fermionic coset formulation of the Ising model the identification be- 
came possible at the price of allowing for an underlying non-abelian structure 
realized by WZW fields, free massless fermions and bosons. In particular the 
primaries of the Ising model have been represented in terms of local BRST 



invariant products of free Dirac fermions, vertex operators of free massless 
bosons, and negative- level WZW fields. Thus the calculation of multipoint 
correlators of the primaries is only restricted by our lack of knowledge of 
n-point correlators of WZW fields, with n > 4. It interesting to note, that 
according to ( |i"4"D the application of an external magnetic field in the Ising 
model correspond to the addition of a mass term in the fermionic coset for- 
mulation. On the other hand, an off-critical perturbation linear in the en- 
ergy operator is described acccording to fll3D by a quartic self-interaction of 
fermions. 

Our construction for the Ising model can be generalized to other statistical 
models corresponding to the minimal unitary series, with the Ising model 
corresponding to k = 1. Work in this direction will be reported elsewhere. 

Our construction may also prove useful for studying perturbations of 
minimal models about the critical point. The same applies to the study of 



statistical systems in the presence of line defects [22 
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